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Abstract
In this letter, we calculate the probability for resonantly induced transitions in quantum states
due to time dependent gravitational perturbations. Contrary to common wisdom, the probability
of inducing transitions is not infinitesimally small. We consider a system of ultra cold neutrons
(UCN), which are organized according to the energy levels of the Schrödinger equation in the
presence of the earth’s gravitational field. Transitions between energy levels are induced by an
oscillating driving force of frequency ω. The driving force is created by oscillating a macroscopic
mass in the neighbourhood of the system of neutrons. The neutrons decay in 880 seconds while
the probability of transitions increase as t2. Hence the optimal strategy is to drive the system for
2 lifetimes. The transition amplitude then is of the order of 1.06× 10−5 hence with a million ultra
cold neutrons, one should be able to observe transitions.
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INTRODUCTION
In this paper we show that gravitationally induced quantum transitions are in fact easily
conceivable, readily calculable and potentially observable. The transitions are to be induced
through resonant activation by an external perturbing, oscillatory gravitational source. We
consider a quantum system of ultra-cold neutrons [1]. The neutrons are organized according
to the quantum energy levels of a particle in the earth’s (uniform) gravitational field. The
energy levels of this system are well understood and have already been subject to much
experimentation [2–5] and the system exhibits the first direct observation of gravitational
effects on a quantum system. The energy levels of this system are spaced non-linearly.
Therefore, selecting a particular energy difference picks out exactly two levels. We propose
to excite the system with an external, spherical body of mass M placed as near as possible
to the system of neutrons. The body will oscillate at the exact frequency corresponding
to a transition between two of the energy levels of the system of neutrons. At resonance,
the transition amplitude experiences a significant increase when compared to off-resonance
driving frequencies.
ULTRA-COLD NEUTRONS IN A GRAVITATIONAL FIELD
Ultra-cold neutrons correspond to a system of neutrons where the temperature is less
than a milli-Kelvin. At these temperatures, the average energy of the neutrons is of the
order of kbT ≈ 8.6 × 10−8eV . The neutrons pass between a polished stone base and an
absorber/scatterer ceiling, so that they are further distilled such that the energy in their
vertical motion is reduced. Basically, the neutron bounces along the polished base in the
x direction, but if it rises up and hits the ceiling, as the ceiling is rough, the neutron is
scattered into the y direction and removed from the experiment. Only those neutrons with
very little z energy and momentum and otherwise only x energy and momentum, remain in
the experiment. The vertical energy is so small that the neutrons may only occupy the first
four energy levels. The energy in the vertical motion is bounded by E04 ≈ 4.1× 10−12eV .
The neutron quantum system for the z degree of freedom, corresponds to a particle of
massmN , the neutron mass, in a linear gravitational potential V (z) = mNgz with an infinite
energy barrier at z = 0. Therefore the neutron is restricted to 0 ≤ z. The corresponding
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Schrodinger equation is:
− ~
2
2mN
d2
dz2
ψE(z) +mNgzψE(z) = EψE(z). (1)
The normalizable solutions are simply Airy functions, Ai( z
z0
− α) is a eigenfunction with
energy mNgz0α where z
3
0 =
~2
2gm2
N
. Because of the infinite energy barrier at z = 0, our wave
functions must vanish there. The Airy functions are non-zero for positive argument and
have an infinite set of discrete zeros for negative argument at z/z0 = −αn, n = 1, 2, 3 · · · .
Therefore the energy eigenfunctions which satisfy the boundary condition are simply ψn(z) =
NnAi( zz0 − αn) where Nn is the appropriate normalization [6]:
Nn = 1√
z0
∫∞
−αn
Ai(η)2dη
=
1√
z0Ai′ (−αn) (2)
The energy of this eigenstate is of course mNgz0αn. The αn are known numerically to
arbitrarily high accuracy, however, the Bohr-Sommerfeld approximation [5, 7] is surprisingly
accurate and useful as it yields an analytic formula:
En =
(
9mNh
2g2
32
(
n− 1
4
)2)1/3
× 10−12eV = 1, 69
(
n− 1
4
)2/3
peV (3)
GRAVITATIONAL PERTURBATION
The gravitational perturbation that we imagine the system is subjected to, corresponds to
the effect of a macroscopic mass, M , brought as close as possible to the system of neutrons,
and subjected to oscillatory motion at exactly the frequency corresponding to a resonance.
It is simplest to imagine the mass M as a spherical body, which is brought to a position ζ on
the z axis, above the system of neutrons. Its height varies as a ζ(t) = ζ0 +∆ζcos(ωt). The
distance from a neutron at position z is of course ζ(t)− z. Then the perturbing potential is:
W (t, z) =
GmNM
ζ(t)− z ≈W1(z)−∆ζW2(z)cos(ωt) (4)
Where W1(z) =
GmNM
(ζ0−z)
and W2(z) =
GmNM
(ζ0−z)2
. The first term can be treated by time-
independent perturbation theory while the second term needs the time-dependent theory.
The relevant time dependent perturbation theory is that which computes the probability
of transitions between two isolated, discrete levels. As we have noted, the energy differ-
ences, and hence the relevant frequencies between any two levels are distinct, as the energy
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spectrum is non-linear. Therefore the relevant transitions will be essentially restricted to
a two level system. With an oscillatory driving force, the system in [8] experiences Rabi
oscillations [9] and the neutron moves sinusoidally from one state to the other. However, in
our case, the perturbation is not the same as what is required for Rabi oscillations. Indeed,
we will find that the proper approximation to do is to calculate the short time transition
rate between the two levels. Such a calculation neglects the probability of the transition
back to the original state, which is valid if very few transitions occur. Then, the fact that
transitions have occured will be observable only if there are many neutrons available. We
will see that this is indeed the case.
The first term of (4) is to be treated by time-independent perturbation theory. This will
give perturbed static energy levels and eigenfunctions. The second term will in principle
provoke transitions between these perturbed levels. Since the time dependent perturbation
is already very small, it will not be necessary or even consistent to take into account any
corrections to the energy levels due to the static perturbation. Thus we will simply disregard
the static perturbation.
For the time-dependent term of equation (4), assuming the driving force is started at
t = 0, the probability of transition between two levels, n and m is given by
Pnm(ω, t) =
∆ζ2
~2
∣∣∣∣
∫ t
0
dt′ 〈ψm(z, t′) |W2(z)cos(ωt′)|ψn(z, t′)〉
∣∣∣∣
2
. (5)
Using the expression for W2(z), and with the notation ωmn = (Em −En)/~, we get
Pnm(ω, t) =
∣∣∣∣GmNM∆ζ~
[∫ t
0
dt
′
exp
(
iωmnt
′
)
cos(ωt
′
)
] [∫ ∞
0
dz
ψm(z)ψn(z)
(ζ0 − z)2
]∣∣∣∣
2
(6)
The time integral is trivially done, and it is well known that on resonance, when ω = ωmn
it gives a factor
1
4
[(
sin (ωmnt)
ωmn
)2
+ t
(
sin (2ωmnt)
ωmn
)
+ t2
]
. (7)
This expression is only valid for short times, as long as no appreciable amount of transitions
have been made. If the level to which transitions are made begins to be macroscopically
occupied, then we must take into account the transition induced back to the original level.
The expression Eqn. (6) does not take into account return transitions, which are being
neglected. The time dependence is essentially parabolic with a slight oscillation about the
parabola. The over all transition rate is controlled by the spatial matrix elements in Eqn.
4
(6). The perturbation that we have considered does not give rise to Rabi type oscillations
as considered in [8], our perturbation is somewhat different.
The time-independent integrals correspond to:
I2 (αm, αn) =
∫ ∞
0
dz
1
(ζ0 − z)2
ψm(z)ψn(z)
≈ 1
ζ20
δmn +
2
ζ0
NmNn
(
z0
ζ0
)2 ∫ ∞
0
dyyAi(y − αm)Ai(y − αn) (8)
The integral can be found in [6], we get∫ ∞
0
dyyAi(y − αm)Ai(y − αn) = −2
(αm − αn)2Ai
′(αm)Ai
′(αn) (9)
and substituting for the normalization from Eqn. (2), the derivatives of the Airy function
nicely cancel and we find
I2 (αm, αn) ≈ 1
ζ20
δnm − 4z0
ζ30
1
(αm − αn)2 (10)
Therefore we find, considering the case m 6= n,
Pnm(ω, t) =
(
GmNM∆ζ
2ζ20~
)2(
4z0
ζ0
1
(αm − αn)2
)2 [(
sin (ωmnt)
ωmn
)2
+ t
(
sin (2ωmnt)
ωmn
)
+ t2
]
(11)
NUMERICAL VALUES AND EXPERIMENTAL POSSIBILITIES
The numerical value of the pre-factor in Eqn. (6) depends on experimental choices. We
will take the most favourable values imaginable M = 10 kg, a sphere of gold will have just
under 5 cm radius, hence we can take ζ0 = 5 cm and ∆ζ = .5 cm just to find the order
of magnitude of the pre-factor. Then with the values for G = 6.67 × 10−11 Nt m2/kg2,
~ = 1.054 × 10−34 Joule sec, mN = 1, 67 × 10−27 kg, z0 = 5, 874 × 10−6 m (which is a
characteristic length for the system of neutrons), and for transitions between the 1st and
2nd energy levels, for which ∆E = .493 peV and (α2 − α1) = 1.64 we get:(
GmNM∆ζ
2ζ20~
)2(
4z0
ζ0
1
(αm − αn)2
)2
= 3.43× 10−12sec−2 (12)
This seems to be very small, however, in principle, we can drive the system for a long time.
The neutron lifetime τ is about τ = 880 seconds, that is the number of neutrons diminishes
exponentially
N = N0e
−t/τ . (13)
5
But the probability of transition increases quadratically with time with an oscillatory varia-
tion that we can neglect. Hence the function to maximize is t2e−t/τ which occurs at t = 2τ .
Thus with an initial, large number of neutrons, N0, we can optimally pump the system for
twice the lifetime. This yields a factor of (2×880)2 = 3.10×106sec2 which gives a transition
probability of 1.06× 10−5. Thus if the initial number of neutrons is say N0 = p× e2 × 105,
where p an integer could be up to 100, then we will have p × e2 × 105/e2 = p × 105 neu-
trons left, after two lifetimes. Then this implies that we would have, on average, induced p
transitions of neutrons.
The experimental set up for observing the transitions should be quite straightforward.
We simply imagine the neutrons captured in an open box with sides of height 〈ψ1|z|ψ1〉 =
2α1z0
3
≈ 9.16 microns. Then neutrons in the first energy level will be confined inside the box
but any neutrons that have been promoted to higher levels, will of course not be trapped
inside the box, and will fall over the edge and outside. Observing any neutrons outside
would be proof that the gravitational perturbation has provoked transitions.
CONCLUSION
Ultra cold neutron sources exist in many places, two of the most important ones are at the
Institute Langevin-Laue, Grenoble, France [10]and at the Los Alamos National Laboratory,
Los Alamos, US [11]. Ultra cold neutrons densities of the order of 50/cm3 are easily obtained
in volumes that are of the order of a cubic metre. Therefore obtaining a system with a million
cold neutrons is not absurdly unimaginable. However UCN are defined as those that can be
contained in a material bottle, and this only requires their kinetic energies to be in the range
of 10−9eV , which is very much more than what we can tolerate. We require extremely cold
neutrons, with vertical kinetic energies of the order of 10−12eV . The Q Bounce experiments
[12], now done almost 10 years ago, consisted of about 4500 sufficiently ultra cold neutrons.
It does not seem impossible to get the number of sufficiently cold neutrons to observe the
induced transitions. Observation of gravitationally induced transitions in a quantum system
is an important, fundamental physical property of the interplay of gravitation and quantum
mechanics.
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